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HARDY–LITTLEWOOD THEOREMS AND THE BERGMAN DISTANCE
MARIJAN MARKOVIC´
ABSTRACT. This paper deals with subclasses of bounded analytic functions on the unit disc. It is
our aim to connect the smoothness of the boundary function and the mean growth of an appropriate
derivative of analytic mapping. We generalize the Yamashita approach for analytic mappings of the
unit disc into a bounded plane domain equipped with the Bergman distance or quasihyperbolic distance.
The theorems we give are non Euclidean versions of the classical Hardy and Littlewood theorems.
1. INTRODUCTION
1.1. For α ∈ (0, 1] the Lipschitz class Λα contains all 2π-periodic functions ϕ onR such that
sup
|s−t|<h
|ϕ(s)− ϕ(t)| = O(hα), h→ 0.
The mean Lipschitz class Λpα contains all 2π-periodic functions ϕ defined a.e. onR such that
sup
s∈(0,h)
(∫ 2pi
0
|ϕ(t+ s)− ϕ(t)|pdt
)1/p
= O(hα), h→ 0.
Let U denote the unit disc in C. For 1 ≤ p < ∞ the Hardy space Hp contains all analytic
mappings f on the unit disc U such that mp(r, f) is bounded in r, where mp(r, f) is the integral
means
mp(r, f) =
(∫ 2pi
0
|f(reit)|p dt
2π
)1/p
r ∈ (0, 1).
Particulary, the Hardy spaceH∞ contains all bounded analytic mappings on the unit disc. It is well
known that for a.e. t ∈ [0, 2π] there exists the radial boundary value fb(t) = limr→1 f(reit), and
the function fb belongs to the Lebesgue space L
p[0, 2π].
The classical Hardy and Littlewood results are stated in the following two propositions.
Proposition 1.1 (HL1). Let f be an analytic mapping on the unit disc U. Then f has continuous
extension on the closed unit discU and fb ∈ Λα if and only if |f ′(z)| = O(1 − |z|)α−1, |z| → 1.
Proposition 1.2 (HL2). Let f be an analytic function onU. Then f ∈ Hp and fb ∈ Λpα if and only
ifmp(r, |f ′|) = O(1 − r)α−1, r→ 1.
We will prove the non-Euclidean counterparts of these classical theorems of G.H. Hardy and J.E.
Littlewood and we will generalize the Yamashita result [6] which is given in the proposition which
follows, and which is a hyperbolic counterpart of the HL1 and HL2 results formulated above. Here
we consider analytic mappings of U into a bounded domain Ω ⊆ C equipped with the Bergman
distance. As a consequence we obtain a result for analytic mappings and quasi-hyperbolic distance
in domains with Dini smooth boundary.
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1.2. The content of the following proposition are the main results of Yamashita paper [6].
Proposition 1.3. Let f be an analytic mapping of the unit disc U into itself. Denote by
f∗h(z) =
f ′(z)
1− |f(z)|2 (z ∈ U)
be the hyperbolic derivative of f . Then for α ∈ (0, 1] and p ∈ [1,∞) we have
(i) fb ∈ hΛα (the hyperbolic Lipschitz class) if and only if
|f∗h(z)| = O(1 − |z|)α−1, |z| → 1;
(ii) f ∈ Hph (the hyperbolic Hardy class) and fb ∈ hΛpα (the hyperbolic mean Lipschitz class) if
and only if
mp(r, |f∗h |) = O(1 − r)α−1, r → 1.
For definition of hyperbolic classes mentioned in the proposition we refer to [6] and the next
section.
2. PRELIMINARIES
2.1. A metric density on a domain Ω ⊆ C is an everywhere positive and continuous function on
Ω. If ω is a metric density on Ω, and if γ : [a, b]→ Ω is a partially smooth path, its weighted length
is
ℓω(γ) =
∫ b
a
ω(γ(t))|γ′(t)|dt.
A weighed distance on Ω is
dω(z, w) = inf
γ
ℓω(γ), z ∈ Ω, w ∈ Ω,
where γ : [a, b] → Ω is among all partially smooth paths connecting z and w, i.e., γ(a) = z and
γ(b) = w.
If Ω = U, and if ω = (1− |z|2)−1 we have the hyperbolic distance on the unit disc
dh(z, w) =
1
2
|1− zw|+ |z − w|
|1− zw| − |z − w|
The following proposition may be found in [7].
Proposition 2.1. If ω is a metric density on a domain Ω, and if dω is a corresponding weighted
distance, then
lim
w→z
dω(z, w)
|z − w| = ω(z)
for every z ∈ Ω.
It is known that dω induces the standard topology on Ω.
2.2. We will mention here some standard facts concerning the Bergman distance on a bounded
domain. Let Ω ⊆ C be a bounded domain, and let H(Ω) be the space of all analytic mapping on Ω.
The Bergman space A2(Ω) is
A2(Ω) = {f ∈ H(Ω) :
∫
Ω
|f(z)|2dA(z) is finite},
where dA is the usual area measure on Ω. A2(Ω) is the Hilbert space; the inner product on A2(Ω) is
〈f, g〉 =
∫
Ω
f(z)g(z)dA(z).
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By the abstract Hilbert space methods it follows that there exists the unique so called Bergman kernel
K(z, w) = KΩ(z, w) for z ∈ Ω and w ∈ Ω, with the reproducing property for the Bergman space
A2(Ω) is the following sense
f(z) = 〈K(z, ·), f〉 =
∫
Ω
K(z, w)f(w)dA(z), f ∈ A2(Ω).
It may be proved thatK(z, z) > 0 and ∂
2
∂z∂z logKΩ(z, z) > 0 for every z ∈ Ω. Let
ρ(z) = ρΩ(z) =
√
∂2
∂z∂z
logKΩ(z, z) (z ∈ Ω).
Therefore, ρΩ is a metric density on Ω, i.e., a positive and continuous function on Ω. The Bergman
distance βΩ on the domain Ω is the weighted distance generated by the metric density ρΩ, i.e.
βΩ(z, w) = inf
γ
∫
γ
ρΩ(ζ)|dζ| (z ∈ Ω, w ∈ Ω)
(where γ is among partially smooth paths contained in Ω and connecting z and w).
It is known that ρΩ(z)→∞ if z → ∂Ω and that βΩ(z, a)→∞ if z → ∂Ω and a ∈ Ω. For more
information on Bergman distance we refer to [3].
Denote by Aut(Ω) be the group of all conformal mappings of a domain Ω onto itself. The
Bergman distance βΩ on Ω has the following invariance property: if ϕ ∈ Aut(Ω), then
βΩ(ϕ(z), ϕ(w)) = βΩ(z, w), z ∈ Ω, w ∈ Ω.
Lemma 2.2. Let Ω ⊆ C be a bounded domain equipped with the Bergman distance βΩ. Then for
ϕ ∈ Aut(Ω) we have
|ϕ′(z)| = ρΩ(z)
ρΩ(ϕ(z))
, z ∈ Ω.
Proof. As we have mentioned the Bergman distance βΩ is invariant under conformal mappings, i.e.
βΩ(ϕ(w), ϕ(z)) = βΩ(w, z) for every z ∈ Ω and w ∈ Ω. For z 6= w this equality may be rewritten
as
β(ϕ(w), ϕ(z))
|ϕ(w) − ϕ(z)|
∣∣∣∣ϕ(w) − ϕ(z)w − z
∣∣∣∣
(
β(w, z)
|w − z|
)−1
= 1.
If we let w→ z above, we obtain
ρ(ϕ(z))|ϕ′(z)|ρ(z)−1 = 1,
which gives the equality we have stated. 
2.3. Let ω be a metric density on a domain Ω. If a mapping f is defined on a domain D ⊆ C or
on an open interval I ⊆ R with values in Ω, the weighted derivative of f is
f∗(z) = lim
w→z
dω(f(z), f(w))
|z − w|
if the boundary value exist; here z ∈ D and w ∈ D, or z ∈ I and w ∈ I (if we consider a mapping
f : I → Ω). The following result is probably known, but we provide a proof.
Lemma 2.3. For an analytic function f : D → Ω, of for a mapping f : I → Ω differentiable in
z ∈ I the weighed derivative of f may be expressed in the following way
f∗(z) = ω(f(z))|f ′(z)|.
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Proof. For a nonconstant analytic function f on D we have f(w) 6= f(z) if w 6= z and if w is in a
sufficiently small neighbourhood of z, so we have
f∗(z) = lim
w→z
dω(f(z), f(w))
|z − w| = limw→z
dω(f(z), f(w))
|f(z)− f(w)| limw→z
|f(z)− f(w)|
|z − w| = ω(f(z))|f
′(z)|,
for z ∈ D; here we used Proposition 2.1.
Assume now that we have a differentiable mapping f : I → Ω, and let z ∈ I . If f ′(z) 6= 0,
then we have f(w) 6= f(z) if w is sufficiently near z. For if we would have that limn→∞ f(zn) =
f(z) for a sequence zn → z, then we would have f ′(z) = limn→∞ f(zn)−f(z)zn−z = 0, which is
contradiction. The proof is now the same as above one for nonconstant analytic mappings.
If f ′(z) = 0, then for w sufficiently close to z we have
dω(f(z), f(w)) ≤ max
u∈[f(z),f(w)]
ω(u)|f(z)− f(w)|
since we may take segment [f(z), f(w)] ⊆ Ω for γ. Therefore, we have
dω(f(z), f(w))
|z − w| ≤ maxu∈[f(z),f(w)]ω(u)
|f(z)− f(w)|
|z − w| ,
we may conclude that
f∗(z) = lim
w→z
dω(f(z), f(w))
|z − w| = 0 = ω(f(z))|f
′(z)|.

Note that if f : D → Ω is an analytic mapping, and if γ is any partially smooth path in the
domainD with endpoint in z and w, then we have have
dω(f(z), f(w)) ≤
∫
γ
f∗(x)|dx|.
Indeed, since dω(f(z), f(w)) ≤
∫
f◦γ ω(y)|dy|, if we introduce y = f(x), then we have |dy| =
|f ′(x)||dx|, and we obtain
dω(f(z), f(w)) ≤
∫
γ
ω(f(x))|f ′(x)||dx| =
∫
γ
f∗(x)|dx|.
Particularly forΩ = U, and ω = (1−|z|2)−1 we have the absolute value of hyperbolic derivative
for f∗(z) = |f
′(z)|
1−|z|2 .
3. HARDY–LITTLEWOOD TYPE THEOREMS AND THE BERGMAN DISTANCE
3.1. The non Euclidean analogies to the classes Λα and Λ
p
α is the class ωΛα which contains all
2π-periodic functions ϕ onR such that
sup
|s−t|<h
dω(ϕ(t), ϕ(s)) = O(h
α), h→ 0,
and the class ωΛpα contains all 2π-periodic function a.e. defined onR such that
sup
s∈(0,h)
(∫ 2pi
0
dω(ϕ(t + s), ϕ(t))
p dt
2π
)1/p
= O(hα), h→ 0.
If dω is the Bergman distance β = βΩ for a bounded domain Ω, then we write βΛα and βΛ
p
α for
these classes.
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3.2. Our main results in this paper are the content of the following three theorems. Through the
proofs of the next theorems the constant C does not necessary have the same value at each occur-
rence.
Theorem 3.1. Let f : U → Ω be an analytic mapping and let ω be a metric density on the domain
Ω. If ω is a such metric density that ω(z)→∞ and dω(z, a)→∞ if z approaches the boundary of
the domain and a is fixed. Then fb ∈ ωΛα if and only if f∗(z) = O(1 − |z|)α−1, |z| → 1.
Proof. Let us first note that ωΛα ⊆ Λα since, according to the assumptions, we have the inequality
dω(z, w) ≥ C|z − w| for every z and w. Note also that if ψ is continuous on [0, 2π] and if ψ(t) ∈
Ω then ψ ∈ ωΛα, if ϕ ∈ Λα. Indeed let M = maxt∈[0,2pi] |ω(ψ(t))|. Then we have clearly
dω(ψ(t), ψ(s)) ≤M |ψ(t)− ψ(s)|.
For one direction let us assume that f maps the unit disc into Ω and let it be continuous on
U. Moreover, let the boundary function fb be in ωΛα. Then f ∈ Λα and by Theorem HL1 we
have |f ′(z)| ≤ C(1 − r)α−1. Since f(z) ∈ K , where K is a compact subset of Ω, we have
f∗(z) = ω(f(z))|f ′(z)| ≤ C(1− r)α−1 which we aimed to prove.
Assume now that f∗(z) = O(1 − r)α−1. Since f∗(z) = ω(f(z))|f ′(z)| ≥ C|f ′(z)| we have
|f ′(z)| = O(1 − r)α−1. Thus by Theorem HL1 we conclude that f has continuous extension onU
and moreover fb ∈ Λα. We will show that fb(t) ∈ Ω for every t ∈ [0, 2π]. Indeed we have
dω(f(re
it), f(0)) ≤
∫ r
0
f∗(ρeit)dρ ≤
∫ 1
0
f∗(ρeit)dρ ≤ C
∫ 1
0
(1− ρ)α−1 <∞
According to our assumption on dω and ω we must have fb(t) ∈ Ω. 
3.3. Here we will prove the second theorem for arbitrary metric density on a domain.
Theorem 3.2. Let f : U → Ω be an analytic mapping and let ω be a metric density on the domain
Ω. Ifmp(r, f
∗) = O(1− r)α−1, r → 1, then fb ∈ ωΛpα.
Proof. Assume that an analytic function f : U → Ω satisfies mp(r, f∗) = O(1 − r)α−1, r → 1.
We have to prove that fb ∈ ωΛpα. Let r ∈ (0, 1). For sufficiently small h and any t ∈ [0, 2π] we
have
dω(f(re
i(t+h)), f(reit)) ≤
∫ r
r−h
f∗(λeit)dλ +
∫ t+h
t
f∗((r − h)eix)dx +
∫ r
r−h
f∗(λeis)dλ.
Applying the elementary inequalities (a + b + c)p ≤ 4p(ap + bp + cp) and (α + β + γ)1/p ≤
α1/p + β1/p + γ1/p for nonnegative numbers a, b, c, α, β and γ, we obtain
(∫ 2pi
0
dω(f(re
i(t+h)), f(reit))p
dt
2π
)1/p
≤ 4p
(∫ 2pi
0
(∫ r
r−h
f∗(λeit)dλ
)p
dt
2π
)1/p
+ 4p
(∫ 2pi
0
(∫ t+h
t
f∗((r − h)eix)dx
)p
dt
2π
)1/p
+ 4p
(∫ 2pi
0
(∫ r
r−h
f∗(λeis)dλ
)p
dt
2π
)1/p
.
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Applying now the Minkowski inequality on the each therm on the right side above, we obtain(∫ 2pi
0
dω(f(re
i(t+h)), f(reit))p
dt
2π
)1/p
≤ 4p
∫ r
r−h
(∫ 2pi
0
f∗(λeit)p
dt
2π
)1/p
dλ
+ 4p
∫ t+h
t
(∫ 2pi
0
(
f∗((r − h)eix))p dt
2π
)1/p
dx
+ 4p
∫ r
r−h
(∫ 2pi
0
f∗(λei(t+h))p
dt
2π
)1/p
dλ.
If we let r → 1, from the last expression, by applying the Fatou lemma on the term on the left side,
we conclude(∫ 2pi
0
dω(f(e
i(t+h)), f(eit))p
dt
2π
)1/p
≤ 4p
∫ 1
1−h
mp(λ, f
∗)dλ+ 4phmp(1− h, f∗).
Now, if h is enough small, we havemp(λ, f
∗) ≤ C(1− λ)α−1 for λ ∈ (1− h, 1), and we also have
mp(1− h, f∗) ≤ Chα−1. By the displayed above inequality it follows(∫ 2pi
0
dω(f(e
i(t+h)), f(eit))p
dt
2π
)1/p
≤ Chα,
which clearly implies
sup
s∈(0,h)
(∫ 2pi
0
dω(f(e
i(t+s)), f(eit))p
dt
2π
)1/p
≤ Chα,
i.e., fb ∈ ωΛpα. 
3.4. The next theorem is a converse of the preceding one but only for the Bergman metric density
on a bounded domain.
Theorem 3.3. Let Ω ⊆ C be a bounded domain with the Bergman distance β = βΩ which satisfies
the following weak transitively condition: there exists a compact set K ⊆ Ω such that for every
ζ ∈ Ω there exists ϕ ∈ Aut(Ω) such that ϕ(ζ) ∈ K . Then for an analytic mapping f : U → Ω we
have fb ∈ βΛpα if only ifmp(r, f∗) = O(1 − r)α−1, r → 1.
Proof. Assume first that α ∈ (0, 1). The case α = 1 will be consider separately at the end of this
proof. Let z = reiθ ∈ U, and let ϕ ∈ Aut(Ω) be a such mapping that f(z) maps in ϕ(f(z)) ∈ K .
We will consider the mapping g = ϕ ◦ f . Sincemaxζ∈K |ρΩ(ζ)| ≤ C, we have
f∗(z) = ρΩ(f(z))|f ′(z)| = ρΩ(ϕ(f(z))) ρΩ(f(z))
ρΩ(ϕ(f(z)))
|f ′(z)|
= ρΩ(ϕ(f(z)))|ϕ′(f(z))||f ′(z)| ≤ C|ϕ′(f(z))f ′(z)|
= C|(ϕ ◦ f)′(z)| = C|g′(reiθ)| = C
∣∣∣∣
∫ pi
−pi
g(eit)− g(eiθ)
(eit − reiθ)2 e
it dt
2π
∣∣∣∣
≤ C
∫ pi
−pi
|g(eit)− g(eiθ)|
|eit − reiθ|2
dt
2π
≤ C
∫ pi
−pi
β(g(eit), g(eiθ))
1− 2r cos(t− θ) + r2
dt
2π
= C
∫ pi
−pi
β(g(ei(t+θ)), g(eiθ))
1− 2r cos t+ r2
dt
2π
.
Now, since of invariance of the Bergman distance under conformal mappings, we have
β(g(z), g(w)) = β(ϕ(f(z)), ϕ(f(w))) = β(f(z), f(w)).
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for every z ∈ U and w ∈ U (for z ∈ T and w ∈ T this equality holds a.e.). Therefore
f∗(reiθ) ≤ C
∫ pi
−pi
β(f(ei(t+θ)), f(eiθ))
1− 2r cos t+ r2
dt
2π
.
By Minkowski inequality, it follows
(∫ pi
−pi
f∗(reiθ)p
dθ
2π
)1/p
≤ C
(∫ pi
−pi
(∫ pi
−pi
β(f(ei(t+θ)), f(eiθ))
1− 2r cos t+ r2
dt
2π
)p
dθ
2π
)1/p
≤ C
∫ pi
−pi
(∫ pi
−pi
(
β(f(ei(t+θ)), f(eiθ))
1− 2r cos t+ r2
)p
dθ
2π
)1/p
dt
2π
.
Therefore, we have
mp(r, f
∗) ≤ C
∫ pi
−pi
1
1− 2r cos t+ r2
(∫ pi
−pi
β(f(ei(t+θ)), f(eiθ)p
dθ
2π
)1/p
dt
2π
≤ C
∫ pi
−pi
|t|α
1− 2r cos t+ r2
dt
2π
≤ C(1 − r)α−1.
Thus, we have proved thatmp(r, f
∗) = O(1 − r)α−1, r → 1.
We will consider now the case α = 1. Here we have to prove that that mp(r, f
∗) is bounded in
r. Since fb ∈ βΛp1 ⊆ βΛ11 ⊆ Λ11, it follows that fb is absolutely continuous on [0, 2π] (see [2]), and
we have f ′b(t) = ie
itf ′(eit). Moreover, since fb is in the class βΛ
p
1 we have∫ 2pi
0
β(f(ei(t+h)), f(ei(t)))p
|h|p dt ≤ C.
If we let h→ 0 above, by Fatou theorem, we obtain ∫ 2pi
0
f∗b (t)
pdt ≤ C, i.e. f∗b ∈ Lp[0, 2π].
Let us now consider the mapping g introduces before. Since fb is absolutely continuous on [0, 2π],
we also have that gb is is absolutely continuous on [0, 2π]. We have g
′
b(t) = ϕ
′(fb(e
it))f ′b(t). Since
{fb(t) : t ∈ [0, 2π]} is a compact subset of Ω, it follows that
|g′b(t)| = |ϕ′(fb(t))||f ′b(t)| = |ϕ′(fb(t))|
f∗b (t)
ρΩ(fb(t))
=
ρΩ(fb(t))
ρΩ(ϕ(fb(t)))
f∗b (t)
ρΩ(fb(t))
=
1
ρΩ(ϕ(fb(t)))
f∗b (t) ≤ Cf∗b (t).
This shows that g′b ∈ Lp[0, 2π]. Using integration by parts, it is not hard to check that iwg′(w) =
P[g′b], where P[ψ] stand for the Poisson integral of ψ. By Jensen inequality we have |iwg′(w)|p =
|P[g′b]|p ≤ P[|g′b|p]| ≤ CP[f∗b p]|. Particularly, for w = z, since f∗(z) = ρΩ(f(z))|f ′(z)| ≤
C|g′(z)| (as we found at the beginning of this proof), we have |zf∗(z)|p ≤ CP[f∗b p](z). If z = reiθ ,
r ≥ 1/2 we have
(1/2)pf∗(reiθ)p ≤ rpf∗(reiθ)p ≤ C
∫ 2pi
0
1− r2
1− 2r cos(t− θ) + r2 f
∗
b (t)
p dt
2π
Finaly, by applying the Fubini theorem∫ 2pi
0
f∗(reiθ)p
dθ
2π
≤ C
∫ 2pi
0
(∫ 2pi
0
1− r2
1− 2r cos(t− θ) + r2
dθ
2π
)
f∗b (t)
p dt
2π
,
so we may conclude that mp(r, f
∗) ≤ C‖f∗b ‖p, i.e. mp(r, f∗) is bounded in r ∈ (0, 1), which we
needed. 
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4. HARDY–LITTLEWOOD TYPE THEOREMS AND THE QUASIHYPERBOLIC DISTANCE
4.1. The quasihyperbolic distance dqh on a proper domain Ω is generated by the metric density
d(z) = d(z, ∂Ω)−1. If Ω is a simply connected domain such that the boundary ∂Ω is a Dini–smooth
Jordan curve, then the Bergman distance βΩ is comparable with the quasihyperbolic distance dqh.
Indeed, recently Nikolov and Trybula [4] proved the following estimate for the Bergman distance
√
2 log
(
1 +
|z − w|
c
√
d(z)d(w)
)
≤ βΩ(z, w) ≤
√
2 log
(
1 +
c|z − w|√
d(z)d(w)
)
(z ∈ Ω, w ∈ Ω).
for a constant c. If we divide by |z − w| and let limw → z we obtain the estimates for the metric
densities
C−1
1
d(z, ∂Ω)
≤ ρΩ(z) ≤ C 1
d(z, ∂Ω)
(z ∈ Ω).
Clearly, this forces the following relation between the Bergman distance and the quasihyperbolic
distance
C−1dqh(z, w) ≤ βΩ(z, w) ≤ Cdqh(z, w) (z ∈ Ω, w ∈ Ω).
4.2. Here we will state the following Hardy–Littlewood type theorem for the quasihyperbolic dis-
tance on Dini smooth Jordan domains. The theorem is a direct consequence of our main results for
Bergman distance. This corollary also generalize the Proposition 1.3 due to Yamashita stated in the
Introduction.
Corollary 4.1. Let f : U → Ω an analytic mapping, where Ω is a Jordan domain with Dini smooth
boundary ∂Ω. We assume the quasihyperbolic metric density on Ω, i.e., d(z) = d(z, ∂Ω)−1, z ∈ Ω.
Denote by
f∗qh(z) =
f ′(z)
d(f(z), ∂Ω)
(z ∈ Ω)
be the quashyperbolic derivative of the mapping f . Then for every α ∈ (0, 1] and p ∈ [1,∞) we
have
(i) fb ∈ qhΛα if and only if
|f∗qh(z)| = O(1 − |z|)α−1, |z| → 1.
(ii) fb ∈ qhΛpα if and only if
mp(r, |f∗qh|) = O(1 − r)α−1, r → 1.
The proof of this corollary is direct since if Ω is a domain such that ∂Ω is a Dini smooth Jordan
curve, then the Begrman distance is comparable to the quasihyperbolic distance, so it follows that
C−1ρΩ(z)|f ′(z)| ≤ |f∗qh(z)| ≤ CρΩ(z)|f ′(z)| (z ∈ Ω)
and βΛα = qhΛα and βΛ
p
α = qhΛ
p
α.
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